A numerical approach to model independently reconstruct $f(R)$ functions
  through cosmographic data by Pizza, Liberato
ar
X
iv
:1
41
1.
53
48
v2
  [
as
tro
-p
h.C
O]
  8
 A
pr
 20
15
A numerical approach to model independently reconstruct f(R) functions through
cosmographic data
Liberato Pizza1, 2
1Dipartimento di Fisica, Universita` di Pisa, Largo Bruno Pontecorvo, i-56127, Pisa, Italy.
2Istituto Nazionale di Fisica Nucleare (INFN), Sezione di Pisa, Largo Bruno Pontecorvo, i-56127, Pisa, Italy.
The challenging issue of determining the correct f(R) among several possibilities is here revised
by means of numerical reconstructions of the modified Friedmann equations around the redshift
interval z ∈ [0, 1]. Frequently, a severe degeneracy between f(R) approaches occurs, since different
paradigms correctly explain present time dynamics. To set the initial conditions on the f(R) func-
tions, we involve the use of the so called cosmography of the Universe, i.e. the technique of fixing
constraints on the observable Universe by comparing expanded observables with current data. This
powerful approach is essentially model independent and correspondingly we got a model indepen-
dent reconstruction of f(R(z)) classes within the interval z ∈ [0, 1]. To allow the Hubble rate to
evolve around z ≤ 1, we considered three relevant frameworks of effective cosmological dynamics,
i.e. the ΛCDM model, the CPL parametrization and a polynomial approach to dark energy. Finally
cumbersome algebra permits to pass from f(z) to f(R) and the general outcome of our work is the
determination of a viable f(R) function, that effectively describes the observed Universe dynamics.
PACS numbers: 04.50.+h, 04.20.Ex, 04.20.Cv, 98.80.Jr
I. INTRODUCTION
A current speeding up Universe was discovered almost
two decades ago, by using 42 type Ia supernovae as stan-
dard indicators [1–3]. Further data have definitively fore-
casted this experimental evidence, confirming that the
Universe is accelerated at late times [4]. Particularly, af-
ter a particular transition epoch [5], the Universe started
unexpectedly to accelerate, showing that only standard
matter cannot be responsible for its present dynamics
[6]. The most accepted interpretation includes dark mat-
ter and dark energy, respectively responsible for struc-
ture formation and repulsive dynamics [7]. In particu-
lar, the first component, i.e. dark matter, permits struc-
tures to cluster and form during early phases of Uni-
verse’s evolution, whereas dark energy seems to influ-
ence current dynamics, enabling the Universe to posi-
tively accelerate at small redshift [8]. The most accred-
ited paradigm is named the ΛCDM model and assumes
a non-evolving vacuum energy cosmological constant Λ,
which dominates over baryons and dark matter at our
epoch [9, 10]. Moreover, present data also prospect a
spatially flat Universe, characterized by baryons and cold
dark matter which accounts for almost the 25% of the
whole energy content, while the Λ density for about the
68% [11]. Quite surprisingly, the corresponding dark en-
ergy equation of state for the pressure is negative, leading
to a non-clear physical interpretation of the main com-
ponents of the energy momentum tensor [12]. Thus, the
observed speed up description is so far theoretically un-
complete and leads cosmologists to suppose that general
relativity breaks down at precise energy scales [13]. This
fact would provide the expected repulsive effects, capa-
ble of accelerating the Universe today [14]. Hence, a self
consistent enlargement of general relativity reviews both
dark matter and energy effects as fundamental properties
of a single theory. Those frameworks represent the well-
known modified theories of gravity, consisting of many
models trying to include higher curvature terms, the tor-
sion scalar, additional scalar fields, novel particles de-
rived from supersymmetry and so forth (see [15] for de-
tails). Among several possibilities, a feasible extension of
general relativity, which reproduces the dark energy ef-
fects, is the class of f(R) models. Those paradigms man-
age to replace the Ricci scalar R in terms of a generic
analytic function f(R), modifying correspondingly the
Einstein-Hilbert action S as
S =
1
2κ
∫
d4x
√−g f(R) + S(m) , (1)
where κ is a coupling constant related to the gravita-
tional constant G, g the spacetime involved and S(m) the
matter action. Since f(R) is not known a priori, there
exist many formulations of modified f(R) theories [16]
passing almost all the available experimental tests at the
solar system regime. Hence, there exists a strong de-
generacy among cosmological models derived from f(R)
approaches and the correct form of the f(R) function is
still object of debate. However, any proposed f(R) rep-
resents a ad hoc formulation for describing the Universe
dynamics [17]. Frequently, in fact, the particular choice
of f(R) is physically unmotivated and so the need of puz-
zling physical f(R) represents the main issue related to
the f(R) picture.
The main purpose of our paper is to discriminate,
among different sets of f(R) possibilities, the ones pass-
ing the local bounds offered by cosmography and to
propose a model independent reconstruction of cosmo-
graphic f(R) functions. To perform our numerical anal-
yses, we need to numerically solve the modified Fried-
mann equations. The modified Friedmann equations ex-
plicitly depend upon the Hubble rate H and derivatives,
the Ricci scalar R and the f(R) function and derivatives.
Hence, to express the Friedmann equations in terms of a
2single variable, we rewrite them in function of the redshift
z. To fix the evolution ofH and then to calibrate the cor-
responding Hubble rates, entering the Friedmann equa-
tions, we assume that the curvature dark energy fluid is
mimicked in terms of three consolidate dark energy can-
didates. In particular, we approximate the Hubble evo-
lution using the ΛCDM model, the Chevallier-Polarski-
Linder (CPL) parametrization and finally a phenomeno-
logical dark energy approximation (Starobinski [18]). Af-
terwards, we reconstruct the behavior of the f(R) func-
tion by numerically solving the above cited cosmological
equations, fixing the free parameters to agree with the
cosmographic bounds. In particular, we consider a nu-
merical approach to determine the behaviors of f(R),
passing through the corresponding f(z) function, which
is biunivocally determined by considering the dependence
upon the redshift of the Ricci scalar R. Hence, we rewrite
the f(R) in terms of a redshift function only, i.e. f(z),
which consists in replacing the time dependence of R by
means of the more feasible variable z. Employing cosmo-
logical data around z ∈ [0, 1], in which the most of data
is concentrated, we depict the shapes of f(z), ρcurv(z),
Pcurv(z) and ωcurv, i.e. the curvature equation of state
of the fluid responsible for the Universe speeding up in
function of z only. Afterwards, inverting the numerical
equations, i.e. passing from the redshift z to R, we will
be able to build up the numerical behavior of f(R) in
function of R as well. Further, we demonstrate that our
method involves the smallest number of impositions pos-
sible, since to set model independent initial conditions on
the involved Friedmann equations, we make use of the
above cited cosmography of the Universe. Indeed, cos-
mography represents a method to describe the Universe
dynamics, without using any assumptions a priori. The
strategy of cosmography precisely assesses numerical set-
tings in the redshift domain z ∈ [0, 1] and it represents
an accurate way to bound H0, the Universe acceleration
q and its variation j at present time. To permit cos-
mography to act on the initial settings of the Friedmann
equations, we propose the strategy of matching f(z) and
derivatives with the cosmographic coefficients. Moreover,
we assume that the Ricci scalar and the corresponding
derivatives may be related to the cosmographic coeffi-
cients as well. Thus, we finally compare the cosmological
results with the solar system constraints and we infer a
class of f(R) functions which better behave as the Uni-
verse expands. As a consequence, we propose new viable
f(R) functions, which are not postulated but inferred
from numerically solve the Friedmann equations. Our
treatment lies on a direct reconstruction built up in a
model independent way, by using the Universe cosmog-
raphy. Once our f(R) function is known, we turn back
solving the Friedmann equations, showing the behavior
of our proposal in functions of the redshift parameter z.
Thus, our methodology enables to highlight the correct
form of the f(R) function, suggesting which one is really
suitable for describing current dynamics.
The paper is thus structured: in Sec. II, we focus
on the main features of f(R) cosmology, highlighting the
basic requirements that every f(R) paradigm should pro-
vide. In Sec. III, we describe the basic demands of cos-
mography as a tool to fix initial settings on the numerics
we are going to show. In particular, we describe the role
of every cosmographic coefficients and how cosmography
can be framed in the context of f(R) gravity. In Sec. IV,
we match cosmography with f(R) theories and we show
which coefficients are of particular interest in our proce-
dures, emphasizing the peculiar property of cosmography
to fix limits on f(z) model independently. Besides we
proceed to numerical reconstruct the f(z) function, cal-
ibrating the Hubble rate in the interval z ∈ [0, 1] using
three different calibrating H(z), i.e. the ΛCDM model,
the CPL parametrization and a phenomenological recon-
struction of dark energy. Once the function is deter-
mined, we analyze the principal properties and we dis-
cuss their implications in modern cosmology. In Sec. V,
we describe the f(R) function and we calculate the cor-
responding properties in the time domain. We show that
the function is compatible with some other paradigms
already presented in the literature, although it actually
differs from them for some other properties. Finally, Sec.
VI is devoted to conclusion and final perspectives of our
work [19].
II. CONSEQUENCES OF f(R) COSMOLOGY
To determine the dynamical equations in f(R) cosmol-
ogy, one varies Eq. (1) with respect to the metric gµν .
This leads to fourth order field equations of the form
[16, 20]
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν] f ′(R) = κ T˜ (m)µν ,
(2)
where, baptizing S(m) the matter action, we write down
T˜ (m)µν ≡
−2√−g
δS(m)
δgµν
, (3)
with κ ≡ 8piG
c4
and it will be imposed equal to 1 hereafter.
Equivalently, we explicitly split the matter counterpart
from curvature dark energy, i.e. Gµν = Rµν − 12Rgµν =
T
(curv)
µν + T
(m)
µν where
T (curv)µν =
1
f ′(R)
{gµν [f(R)−Rf ′(R)] /2+
+ f ′(R);αβ (gαµgβν − gαβgµν)
}
, (4)
the tensor responsible for curvature corrections, usually
named the curvature energy-momentum tensor. Note
that the prime, i.e. ”′”, denotes the derivative with re-
spect to R, while the semicolon, i.e. ”;”, denotes the co-
variant derivative. This term represents a source for the
whole energy-momentum tensor and permits to repro-
duce the Universe dynamics by means of curvature cor-
rections. Clearly, by looking at Eq. (3), the matter tensor
3is coupled to the curvature tensor as T
(m)
µν = T˜
(m)
µν /f ′(R)
and the corresponding modified Friedmann equations be-
come [16, 20]
H2 =
1
3
[
ρcurv +
ρm
f ′(R)
]
, (5)
and
2H˙ + 3H2 = −Pcurv − Pm . (6)
In these equations we neglected scalar curvature terms,
i.e. k = 0, according to recent observations [21] and we
define the curvature density as
ρcurv =
1
2
(
f(R)
f ′(R)
−R
)
− 3HR˙f
′′(R)
f ′(R)
, (7)
the barotropic pressure as
Pcurv = ωcurvρcurv , (8)
and we consider Pm = 0 because we study Universe ex-
pansion in the matter dominated phase. For our pur-
poses, we assume the pressure to be barotropic since it
does not explicitly depend upon the Universe entropy S
[22]. The well-known effective curvature barotropic fac-
tor is therefore given by
ωcurv = −1 +
R¨f ′′(R) + R˙
[
R˙f ′′′(R)−Hf ′′(R)
]
[f(R)−Rf ′(R)] /2− 3HR˙f ′′(R) , (9)
and represents the effective equation of state for the cur-
vature term. Finally, the corresponding Ricci scalar R
can be framed in terms of the Hubble parameter as [16]
R = −6
(
H˙ + 2H2
)
, (10)
where we assume f
′′
(R) 6= 0, for R < R0 to hold. In our
calculations, R0 represents the Ricci scalar at our time
t0, which corresponds to the redshift z = 0. Later on,
we take into account the above cosmological equations
and we describe their evolutions by numerically solving
Eq. (5). In particular, numerical outcomes derived from
Eq. (5) enable us to frame the f(R) corrections and to
obtain viable f(R) candidates, which would represent ef-
fective classes of cosmological f(R) models. The problem
of fixing the initial conditions to use is here overcome by
the use of cosmography. In the next paragraph, we re-
port the basic demands offered by cosmography to set
the initial conditions on f(R) functions, showing that it
is possible to rewrite f(R) functions in terms of the red-
shift z. We therefore highlight the basic requirements
that each classes of f(R) functions must satisfy and we
suggest which functions better work than others.
III. COSMOGRAPHY AS INITIAL SETTINGS
FOR f(R) THEORIES
In this section, we briefly describe the principal as-
pects of cosmography, characterizing its implications in
the context of f(R) cosmology. To do so, we show how to
determine numerical initial settings on the f(R) function,
in order to reconstruct the f(R) shapes, in the interval
z ≤ 1. First developments towards a complete cosmo-
graphic theory has been discussed in [23], whereas the
modern interpretation of cosmography has been firstly
discussed by Weinberg [24], who noticed that all cos-
mological observables may be expanded in Taylor series.
Afterwards, it was soon clear that those series may be
directly compared with data, without the need of pos-
tulating any cosmological model a priori [25]. The first
step is to expand the scale factor a(t) around present time
t = t0 [26]. Thus, the corresponding power series coef-
ficients are referred to as the cosmographic series (CS),
if computed at t = t0. Cosmography is essentially based
on two simple assumptions, summarized as follows [25]:
• cosmography requests the cosmological principle to
hold. So, cosmography represents a model indepen-
dent technique to fix cosmic bounds once spatial
curvature is somehow fixed [26]. Present-time Uni-
verse appears to be spatially flat, i.e. k = 0, and
several confirmations, coming from this assump-
tions, are easily determined [11]. Hence, cosmog-
raphy becomes at most a model independent ap-
proach to limit cosmological models at our epoch.
Since cosmography does not involve any cosmolog-
ical model a priori, it is sometimes referred to as
cosmokinetics [27];
• current time description of our Universe passes
through a direct composition of the whole energy
content, by means of a non-specified number of cos-
mological fluids, e.g. dark energy, neutrinos, radia-
tions, baryons, etc. Thus, the net pressure becomes
a direct sum of different species, i.e. P =
∑
i Pi,
which corresponds to separate the energy densities
as: ρ =
∑
i ρi [26]. In our work, we circumscribe
our attention to barotropic fluids only, in which the
pressure becomes an energy function only.
From the above assumptions, we immediately get how to
model independently define the CS. Indeed, expanding
a(t), we easily get
a(t) =
∞∑
n=0
dna
dtn
∣∣∣
0
(t− t0)n , (11)
and so, for our purposes:
a(t)
a0
∼ 1 + da
dt
∣∣∣
t0
∆t+
1
2!
d2a
dt2
∣∣∣
t0
∆t2 + . . . , (12)
where we truncated a(t) at the second order of Taylor
expansion. For guaranteeing causality among physical
processes, e.g. photon emissions from a source, we con-
sidered ∆t ≡ t− t0 > 0 and we finally set a0 = 1, i.e. the
scale factor today a(t0), without losing generality. The
4cosmographic coefficients are easily defined by:
H ≡ 1
a
da
dt
, (13a)
q ≡ − 1
aH2
d2a
dt2
, (13b)
j ≡ 1
aH3
d3a
dt3
. (13c)
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FIG. 1: In these figures, we plot the functions f(z) and ρcurv
respectively in (a) and (b), in the redshift interval z ∈ [0, 1]
set by assuming as the initial condition on H(z) from the
ΛCDM model.
Thus, in the light of the above definitions, the scale factor
series becomes
a(t)− 1 ≈ H0∆t− q0
2
H20∆t
2 +
j0
6
H30∆t
3 . (14)
The acceleration parameter q describes whether the Uni-
verse accelerates or decelerates, whereas the jerk param-
eter j indicates whether the acceleration changes sign in
the past or continues indefinitely. For our purposes, the
pressure of curvature may be numerically inferred as a
source of Eq. (6), having in mind that the total pressure
P is given by P = Pcurv +Pm. Assuming a perfect pres-
sureless matter pressure, i.e. Pm = 0, it is possible to
relate the curvature pressure Pcurv to cosmography. In
particular, the total pressure may be expanded as
P =
∞∑
k=0
dkP
dzk
∣∣∣
t0
zk , (15)
which has been arbitrary expanded in terms of the more
practical variable z. The pressure P is intimately re-
lated to the Universe equation of state, so we need to
investigate P to arrive to the determination of the total
equation of state, i.e. ω =
∑
i
Pi∑
i
ρi
. The total equation of
state of the Universe ω even contains ωcurv and so, its
determination represents a constrain over ωcurv itself.
In so doing, we will be able to frame the numerical
behavior of Pcurv and ωcurv, by simply accounting the
continuity equation dρ
dt
+ 3H(P + ρ) = 0 and the deriva-
tives:
P =
1
3
H2 (2q − 1) , (16a)
P˙ =
2
3
H3 (1− j) , (16b)
where we made use of a more practical expression for the
cosmographic coefficients, relating them to H and H˙, as
follows [25]:
q = − H˙
H2
− 1 , (17a)
j =
H¨
H3
− 3q − 2 . (17b)
It is relevant to notice that the validity of cosmographic
expansions is limited to low redshift domains, i.e. z ≤ 1.
Out of this limit, Taylor series fail to converge, broaden-
ing systematics in the numerical outcomes and so finite
truncations may provide misleading results [25].
Those issues often afflict cosmography and do not en-
able one to get the correct CS. Frequently, to alleviate
such problems, one may add further coefficients in the
Taylor expansions, while to overcome systematics one
may adopt alternative parametric variables, built up as
functions of the redshift z. All numerical results, ob-
tained by fixing the CS in terms of z or parametric ex-
pansions indicate that [26]
• the Hubble rate today seems to be underestimated
by Planck results [11], since current analyses seem
to indicate a lower value. To be compatible with
current cosmographic results, we take into account
for our numerical analyses a normalized Hubble
rate h0 = 0.68. This value is not so relevant to de-
termine the shape of f(z) and derivatives, albeit it
can enlarge or reduce the form of the curve, increas-
ing or reducing the values of f(z) and derivatives
respectively;
• the acceleration parameter q0 is bounded in the
interval −0.8 ≤ q0 < −0.5, indicating that the
Universe is passing through an accelerated phase,
different from a pure de-Sitter era [28]. For our
purposes, we employ the numerical outcome for q0:
q0 = −0.57, in order to characterize the initial con-
ditions for f(z) at our time;
5• the jerk parameter is strictly positive j0 > 0, show-
ing that the Universe has passed through a tran-
sition phase in which the acceleration parameter
changed its sign. However, it is still not clear if
j0 ≥ 1 or j0 ≤ 1. We therefore consider in our
analyses the indicative value j0 = 0.77, which ap-
parently seems to be the most viable bound to con-
strain the acceleration change in the past, as sug-
gested by recent analyses [29].
Assuming the cited intervals, we fix the initial values for
the differential equations involved in our calculations.
In the next section, we describe in detail how to re-
late the cosmographic recipe to the f(R) function. To
do so, we pass from the definition of f(z), i.e. the func-
tion in which R = R(z) and we set as initial values the
cosmographic bounds. Moreover, we will show how to
numerically solve the Friedmann equations and we high-
light how to reconstruct the f(R) shapes.
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FIG. 2: In these figures, we plot the functions f(z) and ρcurv
respectively in (a) and (b), in the redshift interval z ∈ [0, 1]
set by assuming as the initial condition on H(z) from the CPL
parametrization.
IV. COSMOGRAPHIC RECONSTRUCTIONS
OF f(R) FUNCTIONS
The possibility to make a correspondence between
modified theories of gravity and cosmography has
reached a reasonable point, since it is now possible to
relate the cosmographic series to f(R), passing through
the determination of the corresponding f(z) function.
Rephrasing it differently, one may obtain experimental
constraints on f(R) models trough cosmography, select-
ing which model is effectively compatible with late- time
bounds. The first step is to rewrite f(R) in function of
the redshift z, thence obtaining f(R)→ f(R(z)) ≡ f(z).
The function f(z) represents the f(R) function, evolving
in the redshift domain. It is more practical to handle
f(z) than f(R) for our numerical approaches, because
f(z) may be directly compared with the Universe evolu-
tion in terms of the redshift. Hence, we first manage to
obtain a possible class of f(z) and then getting back, we
infer the corresponding f(R). The reason of using z in-
stead of R lies on the fact that all observable quantities,
entering the Friedmann equations, can be easily framed
in terms of z. Thus, the corresponding differential equa-
tion one gets is function of the redshift only, and can be
numerically solved.
For our purposes, we first express the Ricci scalar in
terms of z and H(z). To determine the Ricci evolution,
one has to somehow characterize the Hubble parameter
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FIG. 3: In these figures, we plot the functions f(z) and ρcurv
respectively in (a) and (b), in the redshift interval z ∈ [0, 1]
set by assuming as the initial condition on H(z) from the
phenomenological approach.
6H(z), i.e.
R = 6[(1 + z)HHz − 2H2] , (18)
where we substitute the time derivative in (10) with this
expression: d
dt
= −(1+ z)H(z) d
dz
. Please note that here-
after for any functionX(x), depending upon the auxiliary
variable x, we define the ith derivative as
Xix =
diX
dxi
, (19)
and, if evaluated at t = t0, as Xiz0 =
diX
dxi
∣∣∣
0
[25]. Thus,
in Eq. (18) Hz denotes the first derivative with respect
to the redshift z.
We need to solve the following dynamical problem:
H = H(ρ, f(R), f ′(R), H˙) ,
R = R(t) , (20)
H = H(t) ,
and by using a(z) = (1+z)−1, we can solve the dynamical
problem, by numerically framing Eq. (5) by means of a
single variable, i.e. the redshift z. To do so, we need
to determine the time dependence with respect to the
redshift and how the curvature evolves as the redshift
varies. Hence,
dz
dt
= −(1 + z)H(z) , (21)
and simply having
d ln (z + 1) = 3
dH2
R+ 12H2
, (22)
we finally obtain
z (R) = z0 exp
{∫
3dH2
R+ 12H2
}
− 1, (23)
which represents the expression permitting z to evolve in
terms of R.
Thus, considering H = H(z), it naturally follows R =
R(z). Moreover, we write down the following expressions
R0
6
=H0 [Hz0 − 2H0] ,
Rz0
6
=H2z0 +H0(−3Hz0 +H2z0) ,
(24)
which relate the Ricci scalar today and its first derivative
to the CS and that we obtain considering Eq. (18) and
Eq. (21).
Our aim is to feature the shape of Universe’s dynam-
ics in the observable interval z ∈ [0, 1]. To do so, i.e. to
arrive to reconstruct f(R) in a model independent way,
we need to impose how H(z) evolves in such an interval.
In fact, considering the first Friedmann equation (5), and
rewriting it in terms of the redshift z, it is clear that, by
means of the cosmographic results, adopted in the con-
text of f(R) gravity, we need to allow H(z) to evolve in
the observable limit z ∈ [0, 1]. To do this, our strategy
is employing different Hubble rates, based on well-known
paradigms, capable of describing Universe’s dynamics at
small redshifts and reproducing in sequence f(z) and
f(R). In particular, we consider the Hubble rates de-
rived in the ΛCDM model, in the CPL parametrization,
and in a phenomenological reconstruction in powers of
∝ a(t) of dark energy. We therefore proceed as reported
in the next: we separately assume the three H(z) expres-
sions and rewrite the Friedmann equation (5) in terms of
the redshift parameter, by using the expressions (21, 24).
As numerical initial conditions, we assume the validity of
numerical bounds inferred from cosmography. In partic-
ular, we find f0 ≡ f(z = 0) and fz0 ≡ f ′(z = 0) from
(30) with the constraints
f ′(R0) = 1 , (25a)
f
′′
(R0) = 0 , (25b)
which respectively indicate that at the solar system level,
the gravitational constant G acts as observations indi-
cate, without any departure and general relativity is eas-
ily recovered as f(R)→ R = R0. In addition, we employ
for q0 and j0 the values reported in Sec. III.
Then we solve the differential equation (5), replacing
f(R), f ′(R), f ′′(R) in functions of a single variable, i.e.
the redshift z. Afterwards, passing from the time deriva-
tive to redshift derivative, by means of (23). To express
the Hubble evolution in terms of the redshift z, we take
into account the following expressions [25]
dH
dt
=−H2(1 + q) ,
d2H
dt2
=H3(j + 3q + 2) ,
(26)
where rewriting all in function z (by means of Eq. (21)),
we can find useful constraints for Hubble rate and its
derivative in function of cosmographic set at z = 0:
Hz0
H0
=1 + q0,
H2z0
H0
=j0 − q20 .
(27)
By means of (24) and (27), we evaluate R in function of
the cosmographic series only, i.e.:
R = 6H20 (q0 − 1), (28a)
Rz = 6H
2
0 (−2− q0 + j0), (28b)
where Ωm is the matter density.
So that, we can rewrite f(R) derivative in function of
R as derivative in function of z. It is straightforward to
7show that the final result is:
f ′(R) =
fz
Rz
,
f ′′(R) =
(f2zRz − fzR2z)
R3z
,
f ′′′(R) = f3z
R3z
− fz R3z + 3f2z R2z
R4z
+
3fz R
2
2z
R5z
.
(29)
Besides expanding f(z), in terms of the cosmographic
parameters, we have [25]
f0
2H20
= − 2 + q0 ,
fz0
6H20
= − 2− q0 + j0 ,
f2z0
6H20
= − 2− 4q0 − (2 + q0)j0 − s0 .
(30)
Straightforwardly, substituting the expressions of R(z)
in function of CS (28) and expressions of f(z) in terms of
CS (30) in (29), we have the derivatives of f in function
of CS at present time. Those would represent the initial
settings, determined from cosmography on f0 that we
will use as initial conditions to solve Eq. (5) in the case
of values of H0, q0 and j0 indicated in Sec. III.
Nevertheless, since R(z) is a invertible function, we
simply compute f(R), numerically solving the following
integral
f(R) =
∫
df
dR
dR =
∫
df
dz
dz
dR
dR+Kcs , (31)
where we substituted the expression of z(R) obtained
matching (10) and the related expression for H(z). The
integration constant, Kcs, is determined from the cosmo-
graphic results, giving for example in the ΛCDM case the
approximate value Kcs ≈ 20.9R0. It is necessary to no-
tice that Kcs is not related to the cosmological constant.
Trough another procedure we can determinate Kcs esti-
mating the difference between f(R) found by integration
as in (31) and f(R) found putting z(R) into f(z). Both
the procedures permit to infer a class of f(R) functions,
from assuming f(z), but they differ from the constant
Kcs. The increasing or decreasing ratio between the two
procedures is the constant Kcs, which comes from the
definite integration that we perform.
Please note that the determination of f(z) and of the
related f(R) passes through defining the Hubble rate in
the observable interval z ∈ [0, 1] that we will use to solve
Eq. (5).
In our computation we adopt three cosmological setting
Hubble rates. Every model assumes dark matter and
baryons to evolve separately from dark energy. The mod-
els are itemized hereafter.
• In the first case, i.e. the ΛCDM model, the dark en-
ergy density ΩX is constant at every epochs of Uni-
verse’s expansion, providing ΩX ≡ 1 − Ωm, where
Ωm is the matter density.
• In the second case, CPL [26, 30], the dark energy
equation of state is expanded around a = 1, at
a first order of Taylor expansion, giving ω = ω0 +
ω1(1−a) [30]. The dark energy term is proportional
to ΩX = (1− Ωm)(1 + z)3(1+ω0+ω1)e−
3ω1z
1+z .
• Finally, the third approach involves a more phe-
nomenological framework in which, in addition to
standard matter, one includes ΩX = A1 + A2(1 +
z)+A3(1+z)
2, corresponding to a some sort of Tay-
lor expansion around a−1, truncated at the second
order [18], with A1 = 0.2, A2 = 0.2, A3 = 0.3, three
phenomenological constants.
The graphic representation of the three different behav-
iors of Hubble rates is in Fig. 5. For each model, we com-
pute f(z) and the associated f(R), together with Pcurv
and ρcurv for z spanning the interval from 0 to 1. The
corresponding expressions for ρcurv and ωcurv in terms
of the redshift z are reported in the Appendix A. The
numerical results for ρcurv and Pcurv have been reported
in Figs. 4 and Fig. 6. The behavior of f(z) and ρcurv is
reported in Figs. 1, 2, 3.
V. ANALYSIS OF COSMOGRAPHIC RESULTS
We get three expressions for f(z) and f(R), for a to-
tal of six analyses. All the numerical results, performed
by using the three Hubble rates, i.e. ΛCDM, CPL, and
the phenomenological one, generate close outcomes which
converge to the approximate solution
feff (R) = R+ Λ− 2a(R−R0)− a(R −R0)2+
−5 b ebRArcTang(R−R0)− c Sin(R−R0),
(32)
which represents an effective form of f(R) inferred from
reconstructing f(R) from our numerical curves. For guar-
anteeing that Eq. (32) accurately reproduces the Uni-
verse dynamics, we set the three free constant around
the following values:
a = 0.021 (33a)
b = 22.4 (33b)
c = 0.0098, (33c)
while Λ represents the cosmological constant and R0 is
the present value of the Ricci scalar, which becomes
R0 ≈ −4.4 using the cosmographic results. Moreover,
Eq. (32) accurately reproduces the gravity lagrangian
in the range R ∈ [−15,−4.4]. All curves of f(z) and
f(R), approximating to R0 = −4.4, provide the relevant
fact that Eq. (32) reduces to the Hilbert-Einstein action
f(R) = R+Λ, recovering general relativity with the addi-
tion of a cosmological constant. Rephrasing it differently,
the ΛCDM model persists to be favorite at small redshift
domains, indicating however the cosmological constant as
a limiting case of a more general paradigm. Another sig-
nificative result is offered by reconstructing the effective
8Hubble rate from the first Friedmann equation Eq. (5),
as due to the f(R) corrections of Eq. (32). We find, in
particular, that a viable approximation is the one plotted
in Fig. (4). The approximation may be framed in terms
of
H2(z) = H20
(
Ωm(z + 1)
3 + δ tanh(α + βz) + τeγz
)
,
(34)
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(a) Behavior of wcurv in the ΛCDM case
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(c) Behavior of wcurv in the phenomenological case
FIG. 4: Here, we plot the behaviors of different wcurv for the
cases of the ΛCDM model, CPL parametrization and phe-
nomenological reconstruction.
where
α = 2.43 , (35a)
β = 3.35 , (35b)
τ = −6.74 , (35c)
δ = 7.54 , (35d)
γ = 0.046 , (35e)
that are in agreement with experimental cosmological
prediction. Here, Ωm is fixed in terms of the Planck
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(a) Behaviors of different H(z)
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(b) Behavior of our numerical Hcurv
FIG. 5: In these figures the different Hubble rates for the
ΛCDM model, CPL parametrization and phenomenological
reconstruction are reported, in the redshift interval z ∈ [0, 1].
Besides, we also report the Hubble rate evaluated the general
f(R) obtained in our analysis.
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FIG. 6: Behavior of our numerical Pcurv
9results [21]. The behaviors of ρcurv and ωcurv provide
similar contributions in all the three models investigated
and their numerical difference are proportional to the
percent difference settled by the three different Hubble
rate. This suggests that our numerical outcomes do not
strongly depend upon the initial conditions on H and on
its evolution.
VI. FINAL OUTLOOKS AND PERSPECTIVES
In this paper, we described a method to frame the
correct f(R), basing our attention on numerically solv-
ing the modified Friedmann equations. Among several
possibilities to feature the f(R) by postulating its shape
according to observations, we propose a new technique
consisting in assuming initial settings on the modified
Friedmann equations offered by cosmography. The pro-
cedure shows the advantage to be model independently
fixed in the redshift interval z ∈ [0, 1], leading to a f(R)
reconstruction which well fits the experimental outcomes
provided by present data. Thus, we managed to allevi-
ate the degeneracy among the different choices of f(R)
functions, by initially reconstructing the dynamic equa-
tions in terms of the single variable z. Indeed, employing
the correspondence R = R(z) and showing its invertibil-
ity in the redshift range [0, 1], one can shift all variables
in terms of the redshift z, showing that all observable
quantities of interest can be framed analogously. The
differential equation we got has been derived by featur-
ing the first Friedmann equation in terms of z. The ini-
tial conditions on its dynamics have been bounded by
means of cosmography, i.e. a numerical technique which
determines cosmic bounds at late times, by simply com-
paring Taylor expansions directly to data. The powerful
of cosmography, i.e. the fact of being completely model
independent, set up the initial conditions on the f(R)
functions and enables one to reproduce Universe’s ex-
pansion history as the knowledge of H(z) is somehow
known. We proposed three Hubble rates which actu-
ally provide the numerics in the interval z ≤ 1, i.e. the
ΛCDM, the CPL and the phenomenological approach.
We aimed to choose those frameworks since are likely
the simplest frameworks which better adapt their shapes
to frame the Universe evolution. Correspondingly, we
got a model independent reconstruction of f(z), i.e. the
function f(R) in terms of the redshift z. We reported
the shapes of f(z) for each model involved in our numer-
ical analyses and we showed that our outcomes are basi-
cally similar but not equivalent, obtaining consequently
different classes of plausible f(z) functions. In so do-
ing, we passed through a numerical description of f(R)
functions, by means of the auxiliary f(z). In fact, we
got a defined class of viable functions which integrate
the numeric Friedmann equations, providing integration
constants accurately fine-tuned by means of cosmogra-
phy itself. The final outcome lies on viable forms of f(R)
functions, which extend the standard approach of general
relativity. The terms here involved are compatible with
recent developments on modified f(R) functions and per-
mit to conclude that the Universe is accurately featured
by R corrections to the standard Hilbert-Einstein action.
Besides, in order to extend f(R) effective expression till
to the dynamics of the early Universe, we are trying to
apply our numerical procedure, here described, for red-
shift parameter major than unity, i.e. z ≥ 1. This topic
will be the subject of a future work.
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Appendix A
In this appendix we show the analytical expression for the barotropic density in function of z, i.e.
ρcurv(z) =
1
2
{
f(z)
f ′(z)
R′(z)−R
}
− 3H2(1 + z)
{
R′′(z)
1
R′(z)
− f
′′(z)
f ′(z)
}
, (36)
and barotropic curvature factor ωcurv in function of z:
ωcurv = −1 + B
A
(37)
where
A = R′(z)
(
R′(z) (6H(z) ((z + 1)H(z)f ′′(z) + f ′(z) (2H(z)− (z + 1)H ′(z))) + f(z)R′(z))− 6(z + 1)H(z)2f ′(z)R′′(z)) ,
(38)
and
B = 2(z + 1)H(z)·
·
[
(z + 1)H ′(z)R′(z)
(
f ′′(z)R′(z)− f ′(z)R′′(z)
)
+H(z)
(
2(z + 1)f ′(z)R′′(z)2 +
(
(z + 1)f (3)(z) + 2f ′′(z)
)
R′(z)2+
+R′(z)
(
− (z + 1)R(3)(z)f ′(z)− 2R′′(z)
(
(z + 1)f ′′(z) + f ′(z)
)))]
. (39)
These expressions have been used in this manuscript to compute the correct expression of ρcurv and ωcurv from f(z).
